We show that there exist solutions to the semi-classical gravity equations in de Sitter spacetime sourced by the renormalised stress-energy tensor of a free KleinGordon field. For the massless scalar, solutions exist for every possible value of the cosmological constant, provided that the curvature coupling parameter is chosen appropriately. In the massive case, the mass of the field and the curvature coupling severely constraint the allowed values of Λ. For a massive, minimally coupled field, a "small Λ" solution is found, fixed by the relation m 2 ≃ 4.89707 × 10 12 Λ. We emphasise that in this framework, the old cosmological constant problem dissipates, in the sense that there are no bare-vs-physical values of Λ, for only the physical Λ appears in the semi-classical equations.
Introduction
The standard model of cosmology, ΛCDM, is currently the most successful theoretical model for explaining the evolution of the universe as a whole from the CMB epoch to the current era. While there is no doubt about its phenomenological success, it has left room for several puzzles in theoretical physics. Some of these puzzles include the origin of the small and positive value of Λ, in contrast with the (heuristically estimated) energy density of matter and the nature of dark matter; the problem of flatness; the origin of CDM and its rôle in the CMB data and galaxy rotation curves; the absence of tensor modes in the CMB as far as we have measured; the large-scale isotropy and homogeneity of spacetime and how structure forms at short-scales and, of course, the rôle that quantum theory plays as a foundation of cosmology itself.
In addressing some of these puzzles, it is widely agreed that one of the eary stages of the evolution of the universe should be described by an inflationary cosmological phase, which should resolve, for instance, the flatness puzzle and realise the cosmological principle of large-scale homogeneity and isotropy.
On the one hand, it is remarkable that the simplicity of the idea of inflation is in agreement with available cosmological data. On the other hand, the fact that inflation is a framework, rather than a concrete model, leaves the status of inflationary cosmology without precise guidelines of what the concrete realisation of inflation should be. To aggravate the situation, many simple, well-motivated models seem to be at odds with our available data [1] . For example, many inflationary models seem to be divorced from the standard model of particle physics, and there is no natural field available to play the rôle of the inflaton.
In line with these ideas, and motivated by observational cosmology, phenomenological alternative models to ΛCDM, ranging from modifications of General Relativity [2] to the above-mentioned addition of matter fields not present in the standard model, for example, in the context of inflation.
In this paper, we wish to put forward the idea that a potentially good approach to dealing with (at least some of) the problems mentioned above is to take semi-classical gravity seriously in the cosmological context. 1 For example, it is quite possible that higher-order curvature corrections can play a rôle during inflation 2 without necessarily adding new inflaton fields. Also, problems such as the cosmological constant puzzle are best framed in the setting of semi-classical gravity, without necessarily making reference to Minkowskian mode expansions or energy cut-offs (see e.g. the excellent references [3, 4, 5] ), as we shall see below.
In this paper, we study the semi-classical gravity equations in de Sitter spacetime for a free Klein-Gordon field. On the one hand, this is an interesting problem in its own right in the sense that few exact semi-classical gravity solutions are known. The author is aware of [6] , in which a massive Klein-Gordon field with ξ = 1/6 exhibits a de Sitter phase. Due to the isometries of de Sitter spacetime, we are able to show the existence of a large number of solutions parametrised by the mass parameter of the Klein-Gordon field, m 2 , and the curvature coupling parameter, ξ. On the other hand, as we shall see, in this setting the old cosmological constant problem disappears.
The old cosmological constant problem is a naturalness one, which posits that some bare cosmological constant, Λ bare , of the order of the very large energy density of the quantum fields of matter, should be renormalised with exquisite precision to the small, positive value that we observe, Λ ren .
In the semi-classical setting, as we shall see below, bare and renormalised quantities for Λ simply do not appear. Instead, Λ should take values that are consistent with solutions to the semi-classical Einstein field equations. The point that we shall make below, in the context of a Klein-Gordon simple model, is that in some cases the values of Λ is highly restricted, and sometimes uniquely determined, in terms of the parameters of the Klein-Gordon field, m 2 and ξ. Moreover, as we shall see, while the value of Λ will be necessarily proportional to m 2 , the proportionality factor can account for several orders of magnitude in difference between the two parameters. In particular, in the case of a massive, minimally coupled field, the ratio m 2 /Λ ∼ 10 12 .
This paper is organised as follows: After this introduction, in Sec. 2 we briefly review the elements of semi-classical gravity. In Sec. 3 we specify to the problem of a Klein-Gordon field in de Sitter spacetime. We show in Sec. 4 that there exists solutions to the problem stated in sec. 3, and that for such solutions the cosmological constant will (almost always) be restricted to specific values in terms of the m 2 and ξ parameters of the Klein-Gordon field. Our final remarks are made in Sec. 5.
Throughout this work we set = 1 and c = 1. Spacetime points are denoted by Roman characters (x, y, . . . ). Complex conjugation is denoted by an overline. Operators on a Hilbert space are surmounted with carets, e.g.Ô and the adjoint is denoted by a * , e.g.Ô * is the adjoint ofÔ. Spacetime points are denoted by roman characters. In de Sitter spacetime, x denotes the space coordinates. Abstract index tensor notation is used throughout. O(x) denotes a quantity for which O(x)/x is bounded as x → 0.
Semi-classical gravity preliminaries
We wish to obtain solutions to the semi-classical Einstein field equations for a quantum Klein-Gordon field in de Sitter spacetime. The semi-classical gravity equations are
where the classical geometry is sourced by the renormalised quantum stress-energy tensor of the matter field. Here, we consider Λ > 0 as the cosmological constant. The main reason for considering positive values is that we wish to restrict the analysis to spacetimes that are globally hyperbolic. In this case, no additional boundary conditions need to be prescribed for the field equations. The quantum Klein-Gordon field is an operator-valued distribution, f →Φ(f ), for f ∈ C ∞ 0 (M ), which is densely defined on the relevant Fock space of the theory,Φ(f ) : D ⊂ H → H . In our case of interest, the Fock space will be the one that is "built out" of the Bunch-Davies vacuum. The set of field observables forms a unital operator * -algebra, A KG , generated by smeared fields and subject to the following relations: for The discussion on how to compute the renormalised stress-energy tensor that appears on the right-hand side of (2.1a) is a well-trodden path for the Klein-Gordon field. Our purpose is therefore to give a short, non-exhaustive review and we refer the reader to the classical literature [7] for the details. 3 The starting point is computing the two-point function in a Hadamard state, Ψ, which in a geodesically convex subset, O ⊂ M , in which σ(x, x ′ ), the half-squared geodesic distance is well defined, takes the Hadamard
The renormalised stress-energy tensor is obtained by acting with a differential twopoint operator on the singularity-subtracted two-point function, the smooth bi-function
, where
is the Hadamard parametrix, with ℓ a fixed length scale and w Had as the w smooth bi-function obtained from the initial value w 0 = 0. We define the renormalised stressenergy tensor by
where derivatives with primed and unprimed indeces are evaluated at the points x ′ and x respectively. In eq. (2.4), g ab ′ denotes the bi-vector of parallel transport from x to x ′ , with the condition lim x ′ →x g ab ′ = g ab [12] , the term [v 1 ] c is given by the diagonal of the v 1 coefficient in the Hadamard series of v, namely [10, 11] [
and Θ a geometric, covariantly conserved, symmetric tensor of dimension of lenght to the minus fourth power, built out of the metric and its derivatives. For conformally-coupled fields, [v 1 ] c is responsable for the trace anomaly [10] . As a final word for the section, notice that the presence of the term [v 1 ] c , cf. eq. (2.5), spoils the second order, hyperbolic form of the semi-classical system (2.1). This is a well-known problem in semi-classical gravity. However, as we shall see below, in the symmetry-reduced case of de Sitter spacetime, this problem does not occur.
Semi-classical gravity in de Sitter spacetime
The metric tensor for the (3 + 1)-dimensional de Sitter spacetime has the form g = (α/η) 2 (−dη 2 + dx 2 + dy 2 + dz 2 ), with α 2 = 3/Λ. Eq. (2.1b) has been studied in de Sitter spacetime in [13] by exploiting the spatial symmetries of the problem, whereby the wave equation reduces to an ODE for the temporal part that can be brought to a Bessel equation form. The quantum fields can be concretely represented as operators in the Hilbert space, H BD as,
Annihilation operators annihilate Ω BD ∈ H , the Bunch-Davies vacuum, which is cyclic in the sense that A KG Ω BD ⊂ H is dense in the Fock space H .
The two-point function, which characterises the Bunch-Davies vacuum (as it is quasifree), can then be obtained directly as a sum over modes,
and it admits a closed form expression in terms of hypergeometric functions
We should mention that, in the algebraic approach to quantum field theory, the (algebraic) state is defined by all its n-point functions, as well as a normalisation and a positivity requirements. The concrete operators on a Hilbert space representations are obtained via the GNS construction. For vacuum states, all n-point functions are reconstructed from the two-point function -they are quasi-free. Hence, eq. (3.3) can be taken as the definition of the Bunch-Davies vacuum and the starting point of quantum field theory in de Sitter spacetime, together with the abstract Klein-Gordon algebra.
In [13] the point-splitting and renormalisation of the stress-energy tensor in the Bunch-Davies vacuum has been performed (cf. Sec. 2), yielding
The fact that the renormalisation ambiguity term, Θ ab , is absent in the expression above is due to the fact that for maximally symmetric spacetimes, this term is identically zero, as can be seen by the following argument. By local covariance and the stress-energy conservation, ∇ a Ω BD |T ab Ω BD = 0, we must have that in constant curvature spacetimes 5) where the α i ∈ R, i = {1, 2, 3}, are renormalisation ambiguities. The terms that accompany the coefficients α 1 and α 2 can be seen to vanish algebraically because
The term α 3 m 4 can be removed by demanding that Wald's fourth axiom [7] , namely that for the Minkowski vacuum in Minkowski spacetime Ω M |T ab Ω M = 0, be satisfied in the limit
4 Existence of solutions in de Sitter spacetime
We now seek solutions to eq. (2.1). Due to the large symmetry of the problem, the task is reduced to solving an algebraic relation. In turn, this relation will provide the admissible values for Λ in terms of the parameters of the Klein-Gordon field theory, m 2 and ξ.
The massless case
In the massless case, m 2 = 0, there are solutions for any Λ > 0 provided that ξ takes the values ξ + = 1/6 + (1080) −1/2 or ξ − = 1/6 − (1080) −1/2 .
The massive case
For the massive case, set x = m 2 /(4Λ). The solutions lie at the roots of the function
where ν is the complex-valued function ν(x) = (9/4 − 12x + ξ) 1/2 . There are three relevant cases of interest: (i) For (9/4 + ξ)/12 < x, ν(x) is purely imaginary, (ii) for (9/4 + ξ)/12 = x, ν(x) = 0 and (iii) for (9/4 + ξ)/12 > x, ν(x) is real.
Case (i) x > (9/4 + ξ)/12
In this case, we choose the square root branch such that ν(x) = i (12x − ξ − 9/4) 1/2 .
Set y = 12x − ξ − 9/4, then we need to find the roots of g ξ (y) = ψ 3/2 + iy 1/2 + ψ 3/2 − iy 1/2 − ln (y + ξ + 9/4)
for y > 0. In order to do so, define
g 2 (y, ξ) = 48 1 + 4y + 52ξ 1 − 1080(ξ − 1/6) 2 180(y + ξ + 9/4) − ξ + 1 9 (4.3b)
in the domain y > 0, ξ > −y − 9/4, such that g ξ (y) = g 1 (y, ξ) + g 2 (y, ξ). It is clear that g 1 (y, ξ) is a decreasing function of ξ. Let us consider for concreteness ξ ≥ 0. At fixed ξ ≥ 0, g 1 (y, ξ) is a strictly increasing, negative function in y, which asymptotes logarithmically fast to 0 − as y → ∞.
In order to have roots for g ξ , we seek that g 2 (y, ξ) at fixed ξ take positive values for y > 0. First, notice that g 2 (y, ξ) has a root at y = (16 − 25ξ − 1260ξ 2 )/(20(−1 + 9ξ)), which is positive for ξ ∈ ((−25 + (81265) 1/2 )/2520, 1/9). We exclude these values for the following analysis, and consider that for fixed ξ ∈ [0, (−25+(81265) 1/2 )/2520)∪(1/9, ∞), g 2 has fixed sign in the domain y > 0. For sufficiently large y, it is clear that sgn(g 2 ) = sgn(−ξ + 1/9), and hence g 2 (ξ, y) > 0 for ξ ∈ [0, (−25 + (81265) 1/2 )/2520).
Notice that g 2 (y, ξ) = O(y −2 ), and hence g 1 and −g 2 are not parallel curves, with g 2 approaching 0 more rapidly as y → ∞. Thus, one can generically seek to find the intersection of the curves g 1 and −g 2 . We illustrate this with the minimally coupled field, for which ξ = 0, where one finds that y ≃ 1.46912 × 10 13 , i.e., sufficiently large ξ there are several roots for h that define solutions to the semi-classical problem, which can be explored numerically, and in turn fix the admissible values of Λ in terms of m 2 and ξ.
Final remarks
In this work, we have proposed that, when taking the semi-classical Einstein field equations coupled to quantum matter seriously, the value of the cosmological constant will be determined by the field equations themselves in terms of the parameters of the theory -the mass and curvature coupling in the case of the Klein-Gordon field. In this sense, the physical cosmological constant that we measure in the universe should be determined from the semi-classical field equations sourced by the stress-energy tensor of the standard model of particle physics, pressumably on a FLRW background to a good approximation. In the simple model that we have studied, that of a Klein-Gordon field in de Sitter spacetime, we can see that the common folklore stating that the "bare" value of the cosmological constant must have a very large contribution from quantum fields, and then cancelled by a fine-tuned counterterm to yield a small "renormalised" cosmological constant plays no rôle in the present calculations. Indeed, if one wishes to interpret our results in terms of bare and renormalised quantities, one could interpret semi-classical gravity as providing the renormalised Λ = Λ ren directly. Hence, from this viewpoint, the old cosmological constant problem [3] is not present. Further, this paper provides counter-evidence that one could estimate the value of Λ to be of the order of the mass of the fields. Indeed, we have exemplified in Sec. 4 that for massless fields, the cosmological constant can take any positive value, while for a massive, minimally-coupled field we have the ratio m 2 /Λ ∼ 10 12 .
We have not mentioned anything so far about the new cosmological constant problem (see e.g. [4, Sec. 2.3]), as this is an interacting theory problem. For addressing such a matter, perhaps modern techniques of perturbation theory in curved spacetimes should be useful [14] .
